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ABSTRACT 

We use the fluid-gravity correspondence to compute subextensive corrections, pro- 
portional to the shear tensor, to the energy-momentum tensor of fluids on three- 
spheres. The dual configurations we consider are charged black hole solutions of 
N = 2 gauged supergravity theories in five dimensions. 



1 Introduction 

The conformal fluid-gravity correspondence relates the hydrodynamic regime of strongly cou- 
pled four-dimensional conformal field theories to regular black brane solutions in asymptot- 
ically AdS^ backgrounds |T[ [2]. The black brane solutions are constructed order by order 
in a gradient expansion in the bulk, and this gradient expansion is mapped to the hydrody- 
namic gradient expansion of the fluid's energy-momentum tensor T^jy in the dual boundary 
theory [3]. The coefficients in the gradient expansion of T^,y are the hydrodynamic trans- 
port coefficients that characterize the hydrodynamic properties of the fluid, and these are 
holographically determined in terms of the black brane solutions. 

The gradient expansion of the fluid's energy-momentum tensor contains a term propor- 
tional to the shear tensor afj_u, with a coefficient r] that has been computed for various con- 
formal fluids dual to black branes, starting with [1]. For these fluids ij can be expressed in 
terms of the energy density p, the pressure p and the diffusion coefficient as [2] 

7j = {p + p)D. (1.1) 

For uncharged conformal fluids, D is expressed in terms of the entropy density s of the black 
brane as D = 7r^/^/(16 s)^''^ (in units where L = IGvrGs = 1, where L denotes the curvature 
radius of AdS^) [2\. It follows from (jl.ip that 

T/ ^ vr^ p+p 

s 42/3 s4/3 ' ^^■^) 

which equals rj/s = l/(47r), since for a conformal fluid p = ^p = 3 s^/^/(47r)^/^. This 
behavior of rj/s is also observed for charged fluids, so that for conformal (charged) fluids dual 
to (charged) black branes, the ratio 77/5 seems to take the universal value 1/{Att) at strong 't 
Hooft coupling and in the large limit [IliaElSlElllllTlElllllinilllliniliainj. 

In this note we will focus on charged black holes in asymptotically AdS^ backgrounds, 
rather than charged black branes. The black hole solutions we consider capture the hydrody- 
namic expansion of the dual conformal fluid on a three-sphere |15l ITBl [TTl [18] . In contrast to 
fluids in flat space, the energy of a fluid on a three-sphere is not anylonger a purely extensive 
quantity [191120]. It contains, in particular, a subextensive part Ec which is defined as the vi- 
olation of the thermodynamic Euler relation [19]. One may ask whether this non-extensivity 
will result in a correction of the coefficient rj of the shear tensor and hence in a deviation 
from the value rj/s = l/(47r) for these fluids (at strong 't Hooft coupling and in the large 
N limit). Consider, for instance, the conformal fluid dual to a Schwarzschild black hole. Its 
total energy E equals E = E^ + ^Ec and the associated density is p = pe + \pc- Here Ef, 
denotes the extensive part of the energy, and its energy density is = 3 s^/^/(47r)^/^. Taking 
the relation (jl.2p . which has been derived for flat branes, at face value then suggests that 

In this note we will show that ()1.3p indeed holds for the conformal fluid dual to a Schwarzschild 
black hole. For a discussion of a similar effect for fluids on hyperbolic spaces see plj . In the 
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charged case, the black holes that we consider arise in the so-called STU-model of = 2 
gauged supergravity in five dimensions. We use the formalism developed in p3 | [3l [22 l [TTl [T2l 
[23] to construct these electrically charged deformed black hole solutions. We again observe 
a deviation from the value rj/s = l/(47r) in all these cases. 

This deviation can be understood as follows. The relation (jl.2p was established at first 
order in the derivative expansion. At this order, rj has the hydro dynamical interpretation of 
shear viscosity, since it denotes the coefficient of the shear tensor o"^^ in the gradient expansion 
of r^jy. At higher order, however, the fluid's energy-momentum tensor may contain additional 
higher-derivative terms that are also proportional to the shear tensor. For instance, at cubic 
order in derivatives, there may be an additional term of the form Ra^y, where R denotes the 
curvature scalar of the three-sphere on which the dual fluid lives. Then, combining all the 
terms proportional to the shear tensor in T^i/j yields a shear term with an effective coefficient 
T] that will exhibit a departure from the first-order value s/{4tt). Whether or not this effective 
coefficient r] continues to satisfy relation ()1.2p is, a priori, not known. 

In |15| it was shown that large rotating black holes in global AdSo spaces are dual to 
stationary solutions of the relativistic Navier-Stokes equations on S^^"^ . The dual description 
in terms of fluid dynamics applies when various length scales, namely the one associated with 
the curvature of the manifold on which the fluid propagates and those describing the variation 
of the thermodynamic variables, are large compared to the equilibration length scale of the 
fluid. As shown in [T5], this requires taking the horizon radius Rh of the dual black hole 
to be large compared to the AdS radius RacLS- These black holes are non-supersymmetric 
and are referred to as large black holes. Then, expanding the black hole formulae in a 
power series in RAdS I results in subleading corrections that show up as corrections in the 
energy-momentum tensor of the dual fluid. The same continues to hold when considering 
non-stationary black holes. For large black holes, the subleading corrections in RAds/Ru 
in the black hole formulae will contribute to the gradient expansion of the fluid's energy- 
momentum tensor. An example thereof is the term proportional to Pc/ Pe in (|1.3p . For large 
black holes it constitutes a small correction to the ratio r]/ s. 

This note is organized as follows. In section [2] we review electrically charged static black 
hole solutions with spherical horizons of certain five-dimensional N = 2 gauged supergravity 
theories. In section [3] we deform these solutions by a slowly varying velocity field and we 
explain our procedure for determining corrections to rj/s induced by the curvature k of the 
fluid's three-sphere. Then we turn to black holes (with up to three equal charges) in the 
context of the STU-model, and we compute the first correction in k to r]/s = l/(47r). Section 
m contains our conclusions. Appendix [XI summarizes our very special geometry conventions. 
For the sake of comparison with the deformed solutions in section 3, we summarize various 
known rotating solutions of the STU-model in appendix [Bl [Cl and [Dl And finally, appendix 
[EI summarizes the calculation of the boundary energy-momemtum tensor for one of the black 
hole solutions of the STU-model. 
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2 Electrically charged static black hole solutions 



We begin by reviewing the electrically charged static black hole solutions constructed in 
These will subsequently be deformed by a non-trivial velocity field. The static solutions of 
|24j are solutions of five-dimensional N = 2 gauged supergravity theories obtained by gauging 
the U{\) subgroup of the 5'{7(2)-automorphism group of the N = 2 supersymmetry algebra 
|25j . The gauging is with respect to a linear combination proportional to /ia of U{1) 
gauge fields (with constant Ha), and the coupling constant q is identified with the inverse of 
the curvature radius of AdS^, i.e. g = L~^. The relevant part of the action reads [25] 

levrGs S = j d^xV^ (^R - Gi, Omv' - \ QabF^in F''^''' " ^pot) 

y C^sci^^AF^AA^, (2.1) 

where k = — 1/(2\/3)- We denote the five-dimensional spacetime metric by Gmn- We refer 
to appendix [A] for a definition of the various quantities appearing in ()2.ip . 

The static charged black hole solutions we consider are black holes with a spherical hori- 
zon. Their line element reads 



ds^ = Gmn dx^'dx"" = -e'^^M p{r) dt" + e^^^^) p'\r) dr^ + e^^^ d^l , (2.2) 

where 

p{r) = A; - 4 + —PT- > ^ > • (2-3) 
The line element of the three-sphere can be written as 

dnl = Qij dx'dx^ = {de'^ + sin^ 6 dcf^ + cos^ 9 dip^) , (2.4) 

with O<0<7r/2,O<0<27r,O<^<27r. The curvature tensor of the three-sphere is 
Rij = 2kgij, and the associated curvature scalar is i? = 6A;. 

These black hole solutions are supported by scalar fields X^{r). They satisfy the relation 

XA = le-^^HA, (2.5) 

where the Ha denote harmonic functions given by Ha = hA + (lA/f'^- The parameters qa are 
related to the electric charges and to the mass of the black hole solutions, as we will discuss 
below. The metric factor e^^ is given by 

e'^ = \HAX^, (2.6) 

A 



and its radial derivative U' = dU/dr is related to the superpotential W = IiaX by [26 



,2C/(r) 



w 



e— '(1 + rC/') = y . (2.7) 

We take Ka and qa to be positive to ensure that Ha > 0. We also take X^ > so that 
g2C/ ^ Q_ impose the normalization e^^ = 1 at r = oo. The asymptotic value of Xa is 
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then Denoting the asymptotic value of the by h^, we have ^h'^ Ha = 1 in view of 

real special geometry (see (jA.ip ). Using /i^, we introduce the 'dual' superpotential W as 

W = h^XA, (2.8) 

for later convenience [26]. It asymptotes to = 1, while the superpotential W asymptotes 
to the value W = 3. 

The mass M of the black hole and its physical electric charges Qa are determined in 
terms of the parameters // and qa as follows [26] , 



2 A 

W5M = ^+-kh^qA, 
QaG^'^Qb = kqAG^''qB + fiqAG^''hB , (2.9) 

where W5 = Wtt 0^/(3 vol{S^)), with vol{S^) = f d^s. 

Inspection of the line element (|2.'2p shows that the radius of the three-sphere is e^ r in 
units of 1/Vk. It is thus convenient to introduce a new radial coordinate a = r. We also 
introduce the function 

/--i^-^ + e-'"|-e-i^. (2.10) 
Then, using (|2.7p . the line element takes the form 

ds^ = -c? /(a) dt^ + 9 (a^ /(a) VF^(a))"^ da^ + d^l . (2.11) 
Next, we introduce Eddington-Finkelstein type coordinates by 

v = t + g{a) , ^ = , (2.12) 

da W{a)a^j{a) 

so that the line element ()2.1ip becomes 

6 

ds"^ = -a^ f{a) dv^ + dv da + a^ dVL\ . (2.13) 

Following [T5l [3], we define boundary coordinates = {v,6,(p,tp) and we introduce 
the associated four-dimensional metric = {gw^Qij) = (—^Tdij), which will be kept fixed 
throughout. Then, the static black hole metric (j2.13p can be written as 

ds"^ = -c? f(a) Un Uy dx^^ dx" - t^—— Un dx^ da + a^ P^u dx^ dx" , (2.14) 

W[a) 

where here denotes the four- vector = (—1,0, 0, 0) and where 

P^lv = g^lv + u^Uy . (2.15) 

The four-vector denotes the velocity vector of the dual fluid. Indices of boundary tensor 
quantities will be lowered or raised using the boundary metric g^^ and its inverse g^'^ , such 
as, for instance, u^^ = g^^ u^. 
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In the following, we set L = 1 for convenience. Following [22\ [23] , we introduce the 
Schouten tensor S^^, = ^ [R^u — ^Rdfiu)- Here Rfj,,y and R are the four-dimensional Ricci 
tensor and Ricci scalar computed from the metric g^^- Then, the line element (j2.14p can also 
be expressed as 



6 

ds"^ = — , Un dx^ da + 
W[a) ^ 



gt^u + e"^^ S^)x + e"^^4 ^y] dx" , (2.16) 



where ai^^b^^ = a^by + ayh^. Observe that (|2.16p is invariant under the global rescaling 
[221 [23] 



a^Q~^a , g^iu ^ e^^ g^iu , u^^e^u^ , e^ e^ , fj. ^ e~'^^ ^ , (2.17) 

which also implies the rescaling 

W , e-2x qA , e'^^ k , w^M e'^^ w^M , Qa ^ e'^'^^ Qa ■ 

(2.18) 

Let us now discuss various black hole solutions in the context of the STU- model [271 128] . 
This model has three scalar fields that are constrained by X"^ X^ = 1, and it allows 
for two solutions for which W takes a constant value, namely the uncharged Schwarzschild 
case and the charged Maxwell black hole. In both cases the scalar fields are constant, i.e. 
X^ = X"^ = X^ = 1, and W takes the value = 3. The Maxwell solution is obtained by 
setting Hi = H2 = = H = 1 + q/r^, in which case e^^ = H. It follows that a"^ = r"^ + q 
and e~^^ = 1 — g/a^. Inspection of (|2.9p yields the mass M and the physical charge Q as 
W5 M = ^ + 2kq and = kq"^ + fiq. The Schwarzschild solution is obtained by setting 
q = 0. In both cases the 'dual' superpotential reads W = 1. 

The STU-model also allows for black hole solutions which are supported by non-trivial 
scalar fields. An example with two equal charges is obtained by setting Hi = H2 = H = 
1 + q/r"^ and = 1, in which case X^ = X"^ = i^-^s ^ = F^/a weU as e^^ = H. 
Now the associated mass M and physical charge Qi = Q2 = Q read w^M = ^ + ^kq 
and Q"^ = kq^ + ^q. On the solution, W is given by = 2H~'^/'^ + H'^I'^. The 'dual' 
superpotential reads W = \ (iJ-^/^ + 2H^/^). 

An example with one non- vanishing charge is obtained by setting Hi = H = l + g/r^ and 

H2 = H3 = 1, in which case X^ = i/^^/s ^ = X^ = H^'^ as well as e^^ = H. Now the 

associated mass M and physical charge Qi = Q read W5M = fi + ^kq and = k q^ + ^ q. 

On the solution, W is given by I^ = H~'^/^ + 2H^/^ . The 'dual' superpotential reads 
iy=i (7/2/3 + 2/7-1/3). 

3 Deformed black hole solutions 

In the following, we will deform the static solutions described in the previous section by a 
slowly varying velocity field u^{x) of the form 

^x'^ = (l,6/3^(x),6/3<^(x),6/3^(x)). (3.1) 
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Here we have multiplied the deformation /? with a small parameter e. Thus, the deformation 

is taken to be small in amplitude. We will work at first order in e. At this order, 
satisfies the normalization condition = —1. 

In addition, and following |3], we introduce a counting parameter 6 by performing the 
rescaling — )• 6x^, so that an expansion in powers of 5 counts covariant derivatives. For 
instance, the curvature tensor Rij of the three-sphere (which we will call the background 
curvature tensor in the following) will then come multiplied by a factor (5^. 

The boundary energy-momentum tensor T^^ of the deformed solutions contains a term 
proportional to the shear tensor a^u, with a coefficient denoted by rj. We are interested in 
computing corrections to the ratio r]/s due to the background curvature scalar R = 6k. These 
corrections, if present, give rise to deviations from the value Anrj/s = 1, which we write as 
A'K'q/s — 1 = Ylp>i '^2p ^'^^ ■ To compute these corrections, we organize the perturbations 
of the black hole metric in powers of e and 5. In this note we will only deal with the first 
subleading correction 02 5^. It corresponds to a term of the type ka^y, and hence of order 
e(5^, in the boundary energy-momentum tensor T^^. Thus, we will only keep terms in the 
perturbed line element that are at most of order e 5^ . 

Let us first consider the Schwarzschild case. The static Schwarzschild line element contains 
a term proportional to the background curvature scalar R = 6k. Thus, it contains a term 
of order S'^. The deformed Schwarzschild solution, on the other hand, contains terms that 
are of order e and higher. Its line element has been worked out in [29\ [23] at order S"^, and 
there are only two perturbations that are also of order e, namely the shear tensor af^i, and 
the perturbation proportional to u^Ry\u^. The latter contains the term ut Rij , which 
is of order eS'^. At order 6^, new perturbations will have to be added to the line element. 
Out of these, only perturbations that are proportional to the shear tensor cr^jy can contribute 
to rj. At order e6^ there is only one such term, namely Ra^y, which for constant R can be 
absorbed into the term proportional to a^u at order 5. Thus, up to order e5^, we may restrict 
the metric perturbations to those involving a^^ and to one particular perturbation of order 
(5^ associated with the background curvature, namely Up^Ry\u^. 

Now let us discuss deformed charged black hole solutions. In this case there are new 
perturbations present at each order in 6. For the case of the electrically charged Maxwell 
black hole, for instance, they were computed up to order 5^ in |1H IT^ . Rather than taking 
all of these new terms into account, we will follow the same strategy as in the Schwarzschild 
case. Namely, we start with the deformed solution at order 5 and we add one particular 
perturbation of order 5^ to its line element, namely the one proportional to R^x u^. 

Now that we have clarified the ingredients we need, we make a solution ansatz using these 
and we solve the associated equations of motion up to first order in e. We do not truncate 
the equations of motion. The solution we thus construct at order e is an exact solution. It is 
determined in terms of a specific velocity field that is slowly varying in a certain coordinate 
range. Computing the associated boundary energy-momentum tensor, we find a correction 
to rj/s proportional to the background curvature k. The addition of further deformations to 
the line element will, presumably, result in a modified solution that contributes additional 
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terms to r//s. These new contributions should, however, be quahtatively different from the 
one we compute here. 

The ratio rj/s should not receive corrections in e, since that would make it depend on the 
amplitude e of the velocity field. Indeed, using the results of [23], we have checked that for 
the Schwarzschild black hole, the second order metric perturbations that are of order 5"^ 
do not contribute to rj. 

The solutions we construct at order e are based on the specific velocity field 

n^ = (l,0,6/3ne),e/3'^W). (3.2) 

This velocity field has the special feature that the Weyl connection = V vU^—\{y uU^) 
introduced in [22] vanishes at order e (here the covariant derivative is computed using the 
boundary metric g^^u). In addition, we demand that the mass and the charges of the black 
hole solution are kept constant at order e 5"^ . 

In the following, we will first discuss the case of the deformed Schwarzschild black hole and 
then turn to deformed charged black holes in the STU-model of = 2 gauged supergravity. 

3.1 Deformed Schwarzschild black hole solution 

The construction of a black hole solution dual to a conformal fluid starts from a station- 
ary black hole solution in Eddington-Finkelstein coordinates, which then gets deformed 
by a slowly varying velocity fleld [3j. Let us consider the static Schwarzschild solution in 
Eddington-Finkelstein coordinates which, according to (j2.16p . is given by 



ds^ = -2u^ dx^ da + 



gfiiy + U(^_L S^)x + -^Ufj, dx^ dx" , (3.3) 



where = (—1,0,0,0). Observe that the term proportional to the Schouten tensor is of 
order 5"^ . The associated function / reads / = l + k/a?' — ji/a^. The event horizon is at 
fiP'h) = 0. It will be useful to introduce rescaled variables p = a/a^ and m = p/af^, in terms 
of which / is given by 

f{p) = 1 + - 3.4 

The event horizon is at /) = 1 and m satisfies m = 1 + k/a\. 

Now we deform (|3.3|) by taking the velocity field to be non-trivial. The perturbed line 
element is then written in terms of Weyl covariant combinations \2,2\ [23] . We work at first 
order in e, and we take the velocity field to be of the form (|3.2p . for which the Weyl connection 
vanishes at first order in e. The vanishing of the latter implies that the Weyl-covariantized 
Schouten tensor S^y coincides with the ordinary Schouten tensor S^j^u- 

In general, when deforming the static black hole solution, not only the velocity field u^^ 
but also the mass p becomes a slowly varying function of x^ For the velocity field ()3.2p . 
inspection of equation (C.l) in [23j shows that p remains constant at order e 6'^ provided that 
T^'^f^ufi = 0. Here P denotes the Weyl covariant derivative introduced in |22j . and the shear 
tensor 0"^;^ is defined below. Using this information, we make an ansatz for the line element 
that captures effects of order e5^, and we take p, to be constant. 
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We deform ()3.3p by adding a term proportional to the shear tensor a^i, [3l [22l [23] , 

f^M^ = ^ + ^uUf,) = ^ (P^A V^n^ + P^A V^u^) - ^ P^^ Vau^ , (3.5) 

where P^^, = g^i,y + u^Uy. For the velocity field (|3.2p this yields a^u = ^ {V^Ui, + Vi^u^) to 
first order in e. Thus we make the following ansatz for the perturbed line element at order e, 



ds = -2u^dx^ da + 



a2 



dx^ dx'' 



+2 — F{a) anu dx^" dx" . (3.6) 
ah 

Here, F has Weyl weight zero, so that (j3.6|) is invariant under the rescalings (|2.17|) . Observe 
that according to the counting described above, cr^jy is of order e6, while S^^^x 'o^ contains 
the deformation term U(^n R^-jxu"^ which is of order ed"^. 

Imposing the condition D'^a^^ = we find the following expression for the velocity field, 

= (^1 + Cl ( - J log[cos 0] + ^ log[sin 9] + 



A ' 4 ' 8 cos2 9 



I3^{9) = C.2 + C2 (-^ log[cos 9] + \ log[sin 9] - ^-^) , (3.7) 



with constants wi , u;2 , ci , C2 . Observe that in obtaining ()3.7p we have not resorted to any 
approximation, i.e. at order e (j3.7p solves V^a^^ = exactly. The small amplitude approx- 
imation, however, breaks down aX 9 = 0,7r/2, where the norm of the velocity field diverges. 
Therefore, we have to restrict the range of 9 to be consistent with the small amplitude ex- 
pansion. This may be achieved by restricting 9 to be in the range A < 9 < tt/2 — X with 
e « A2. 

In case that both the Cj (z = 1,2) vanish, (13. 6p describes an uncharged stationary black 
hole solution (at order e) with a^i, = 0. In the following, we will be interested in non- 
stationary solutions, and hence we take at least one of the Cj to be non-vanishing. Using 
(j3.7p . and inserting the ansatz (j3.6p into the Einstein equations of motion, we find that they 
are satisfied to first order in e provided that F satisfies the differential equation 

|;(//(P)|;F„)).-(V + -|), (3.8, 



When solving the Einstein equations, we do not resort to any truncation. Thus, (j3.7p and 
(j3.8p yield an exact solution to the Einstein equations at first order in e. 
Integrating (13. Sp once gives 

d ^ / o k 



where the integration constant ( is set to the value C = 1 + k/a\ so as to account for the 
vanishing of /(/>) at the horizon /? = 1. Note that (13. 9p can be written as 

dp p(p + l)(p2 + ^) • ^^-u^ 
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Integrating (j3.10p once results in 



F{p)= I du-^ , , (3.11) 



p 



which is weh-behaved as long as p > 0. In the limit of large p this yields 

F{p) _ 1 r/ 



(3.12) 



where rj = C,a\ = a\ + k a^. 

Next we consider the fluid on a three-sphere dual to (j3.6p . Its energy- momentum tensor 
T^y can be computed using standard techniques [301 EB E2i ■, see appendix |El We obtain 



167rG5(r^.) = ^ (iia,3i?"/. - ^<?M.) (3.13) 
+P i9fj.u + 4:U^u„) - 2r]a^u ■ 

The terms in the first line of this expression denote the contribution to the energy-momentum 
tensor of global AdS^ [30l [33], while the terms proportional to p denote the perfect fluid 
contribution (p is related to the pressure p = M/{3vol{S^)) hy p = IGttGsp). The last term 
is proportional to the shear tensor. In units where L = IGttGs = 1 the entropy density s of 
the fluid on a unit three-sphere is s = S/vol{S'^) = 47ra^, so that the ratio rj/s reads 

r] 1 f ^ k 



3.2 Deformed Maxwell black hole solution 

Next, let us consider the Maxwell black hole in the context of the STU-model. To this end, 
we set = X'^ = = 1 as well as A^ = A^ = A^ = 2A/V3. Then, from (I2l6]) . we obtain 
the following line element for the static Maxwell black hole, 



ds"^ = —2 Ufj, dx^ da + 



a Qf^u + ^',.)A U + \ —2 -^1 Ufj,Uu 



dxf'dx" . (3.15) 



The Maxwell gauge potential reads 



\/3 Q 



A^ = -^^u^, , ^a = 0, (3.16) 

where u^, = (-1,0, 0, 0). The function / in ([211)]) reads /(a) = 1 + k/a'^ - W5 M/a^ + Q'^/a^. 
The location of the outer event horizon is given by the largest positive root of /(a). In 
terms of the rescaled variables p = a/ ah, m = w^M/a\ and Q = Q/a\, the function / is 
given by 

f{p) = 1 + ^ - 15 + ^ . (3.17) 

K p^ p^ p^ 

The outer event horizon is at p = 1 and m satisfies m = 1 + k/a^ + Q^. 

Now we deform the static Maxwell solution by taking the velocity field to be of the form 
([3:2]) with 13'^ and given by (j3.7p . We work at first order in e, as before. The results 
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of im [T2] show that at order e(5'^, the electric charge Q can be kept constant when M is 
constant. In the fohowing, we take both M and Q to be constant. 

We construct a solution to the combined Einstein-Maxwell equations of motion as follows. 
We take the gauge potential to be of the form (j3.16p with the velocity field given by (|3.7p . 
Inserting this ansatz into the equations of motion, we find that we can solve the combined 
system exactly at first order in e with the following line element, 



-2un dx^ da + 



W5M Q2 



dx^ dx" 



+ 

+4\/3k 



Q 



ah 



dx^ dx" 



Q 



L dx^ da , 



where we recall that l^-^ 



ly + Uyl^, and where [331 El H] 



(3.18) 



(3.19) 



with e^y\(j = e^j°' ej* Ca'^ eahcd- Observe that and F{a) have Weyl-weight zero, and that 
the associated terms in (j3.18p are of order e 5, while Sy-^x contains the deformation term 
U{^^Ry^\u^ which is of order e5^. The line element (I3.18P is invariant under the rescalings 
(l2Tril and (fZTSD . 

The quantity F now satisfies the differential equation 



dp 



p'fip)^F{p) 
dp 



3p2 + A 



with /(/)) given by (|3.17p . Integrating (j3.20p once gives 



dp 



(3.20) 



(3.21) 



where the integration constant C is set to the value C = 1 + k/aj^ so as to account for the 
vanishing of f{p) at the outer horizon p = 1. Note that (|3.2ip can be written as 



dp 

Integrating (|3.22p once results in 

Fip)- 



p{p^ + p + C) 



(p+l)(p4 + Cp2_Q2) 

u{u'^ + u + C) 



du 



(3.22) 



(3.23) 



('U+l)(u4 + C-u2-Q2) ■ 

Here p should be taken to be larger than the largest positive root of u*^ + ^ — avoid 
a singularity in F{p). In the limit of large p this yields 

F{p) _ 1 r/ 



a 4o' 



4 ' 



(3.24) 



where r] = C,a\ = a\ + k a^. 
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The line element ()3.18p is not in the customary gauge = —Ufj_ [23]. It can be brought 
into this gauge by the following coordinate transformation at order e, 

dx^ ^ dx^ - hia) rda-(^j h{h) db^ dl^" , (3.25) 

where h{a) = 2^/3 k Q / {a^ f {a)) . Here the term proportional to l^^ is of order ed, while the 
term proportional to dl'^ is of order e6'^. The resulting line element is then regular at the 
outer horizon f{ah) = of the undeformed static black hole solution. 

In the stationary case, the velocity field has the form (|3.7p with q = 0. Due to the curva- 
ture k of the background, P is non-vanishing but constant and given by = \fk (0, 0, — a;2, —^\] 
Then the second term in (I3.25P vanishes, and the line element takes the form 

a gi,u + ^{^ -u + ( Uf,Uy 

dx^ dx" (3.26) 



ds'^ = -2u^dx^ da + 



-F2\/3k^U(^ l^) 

in the gauge Qafj. = —Ufj,. It is straightforward to relate this line element to the usual one 
written in Boyer-Lindquist type coordinates, to linear order in wi and UJ2, see appendix [Bl 

Next we compute the associated boundary energy-momentum tensor T^i, of the fluid, see 
appendix |E1 We obtain 

16^G5(V) = ^ - (3.27) 



three-sphere is s = S/vol{S^) = 47ra^), the ratio -q/s reads 



In units where L = IGvrGs = 1 (using that the entropy density s of the fluid on a unit 

r/ \ f _^ k 



as in the Schwarzschild case. We note that the correction to rj/s = l/(47r) is determined by 
the coefficient of the u R u-term in the line element (|3.18p . 

In the stationary case, where a^i, = 0, Tf^i, takes the form given in [35] . It contains 
additional non-dissipative terms proportional to associated with the rotation of the fluid 
in a background of constant curvature k. 

In im [T2] the authors constructed charged black brane solutions up to order 5^ . At order 
5, their solution is based on the gauge field 



= -^-^ ("m-2\/3k-^Zm ) , Aa = 0. (3.29) 



For the sake of comparison, let us construct a black hole solution based on (I3.29P with the 
velocity field given by (j3.7p . Inserting this ansatz into the equations of motion, we find that 
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we can solve them exactly at first order in e with the following line element, 



-2 dx^ da + 



Uy 



+ 



+ 



w^Ma? 



Rv)\ U 
12^2^2 



dxf" dx" 



R 



dx^ da 



(3.30) 



with defined as in (j3.19p . The quantity F satisfies the differential equation (|3.20p . The 
line element (|3.30p is invariant under the rescalings (j2.17p and (|2.18p . It is again not in 



the customary gauge Qa^ 



[23] . It can be brought into this gauge by the coordinate 



transformation (|3.25p at order e. The resulting line element is then regular at the outer 
horizon /(a/i) = of the undeformed static black hole solution. 

One may ask whether the two line elements (j3.18p and (j3.30p can be transformed into each 
other. The associated gauge fields are related by the shift ^ — 2\f?>K Z'^. Applying 
this shift to the line element (I3.18P induces terms that are of order e5^. The resulting line 
element thus has terms of different order in 5 than the line element p.30p . Matching of these 
two line elements is thus only expected to occur when the full set of e (5^-terms is taken into 
account. However, in the stationary case (cj = 0), the solution p.lSp is mapped into (j3.30p 
at order e by the shift of described above, under which li ^ li — \/3 k ^^j^j Rij uK The 
two line elements are then identical in the gauge = —u^, as expected. 

Let us now compare the line element ()3.30p with the one obtained in |1H [12] . Since the 
gauge field (j3.29p is at most of order e 6, the comparison is only meaningful up to this order. 
Since the terms in (j3.30p proportional to R^^ are of order e 5"^ they should be dropped in the 
comparison. Then, by going into the gauge ga^ = —u^ via the coordinate transformation 
(j3.25p (and dropping the term proportional to dl^ which is also of order eJ^) we find that 
the line element (j3.30p goes over into the one obtained in |1H 112]. 

Computing the associated boundary energy-momentum tensor T^^ we obtain 



1 



- [ RapR ^ V 



(3.31) 



24k2q2 
W5M 



{fJL Ru)\ 



u 



HV 1 



with r]/s given by (I3.28p . It contains non-dissipative terms proportional to the background 
curvature tensor R^y. In the stationary case, the boundary energy-momentum tensor (13.27P 



matches (j3.3ip under the constant shift 



2\/3 K — ^iT discussed above. 



3.3 Deformed black hole solutions supported by scalar fields 

Next, we consider black hole solutions in the STU-model that are supported by non-trivial 
scalar fields, and that carry either one or two non-vanishing charges. In the two-charge case, 
we take the charges to be equal, for simplicity. We deform the static solutions in the manner 
described above. We find that the scalar fields need not be deformed at order e. 
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3.3.1 Two equal charges 

We begin by first considering the case of two equal charges. The hne element of the static 
solution is given by ()2.14p and the gauge potentials and scalar fields are 

4 = Al = -^H-lu^ , Al = Q, 4 = 0, i = 1,2,3 , 



1 o 2 



X' = = , X-^ = H3 , (3.32) 

where = ( —1, 0, 0, 0). We refer to the end of section [2] for a definition of the various 
quantities involved. The function /(a) appearing in (12.14p . when expressed in terms of the 
rescaled coordinates p = a/ah, reads 

fi^p) = l + ,-^u k_^_,um ^ ^^}^^L^k^^-WM\^2UM_ (333) 
Kp P al \ al J 

The outer horizon is at p = 1. 

We perturb this static solution by again taking the velocity field to have the form (j3.2p and 
p.7p . This results in a modification of the line element, and it also induces a non- vanishing 
^4^. We find that at first order in e (but no approximation otherwise) the combined system 
of equations of motion is solved by 

ds'^ = —a^ f(a) Ua Uy dx^ dx'^ — Un dx'^ da + P^u dx^ dx'^ 

W[a) 

1 1 

+- H^~i Ry)x dx^ dx" + 2 — Fia) a^u dx^ dx" , 

2 ' ah 

4 = Al = -^H-^u^ , Al = -^mi^, 4 = 0, i = l,2,3 , (3.34) 

with the scalar fields given as in ()3.32p . Here and the velocity field are again given by 
(|3.19p and ()3.7p . respectively. The stationary limit of this solution can be easily related to the 
solution found in |36| written in Boyer-Lindquist type coordinates, to linear order in rotation 
parameters (see appendix ICj). 

The quantity F now satisfies the differential equation 

where U' = dU/dp, with e^^ = H. We note the appearance of the superpotential W{a) on 
the left hand side, which was constant (W{a) = 3) in both the Schwarzschild and the Maxwell 
case. The right hand side of ()3.35p can be easily integrated by noting that the second term 
is a total derivative. 



e 



-u 



(1 - U'p) dp = d{p e-^) . (3.36) 



Thus, integrating (j3.35p once gives 

\p^W{p)fip)- , 
3 dp V 



- p' W{p) f{p) -F{p) = -[p^ + -^-^p-C] . (3.37) 
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The integration constant ( is set to the value C = 1 + (fee /a| to allow for the vanishing 

of ()3.35p at the outer horizon p = 1, where / = 0. Then, integrating ()3.37p once results in 

/•~ 3 {u^ + n (C - 1) e^('^ft) e"^ - C) 

~ Jp vP + u3 (C - 1) eU(an) e-4C/ _ ^ (e2^(«'^) + (C - 1) e-^(«'>)) e-2t^ ' ^^'^^'^ 

For large p we have e^^ = H ^ 1 + q /{a\ p^), and hence we obtain 

F{p) 1 r? 



a/i a A a 



4 ' 



(3.39) 



where ri = Ca\ = a\ + ke ^^'^h) 

Computing the associated boundary energy-momentum tensor we obtain (see appendix 

ED 

16^G5(r^.> = \I^R^pR^/,--^g^}j (3.40) 

It contains a non-dissipative term proportional to the background curvature tensor R^^y. In 
units where L = IGttGs = 1, the ratio r]/s reads 



We note that the correction to r]/ s = l/(47r) is determined by the coefficient of the iii?ii-term 
in the line element (|3.34p . 

3.3.2 One charge 

Next we consider the case of one non-vanishing charge. Proceeding as before, i.e. taking 
the velocity field to be given by (j3.7p . we find that at first order in e (but no approximation 
otherwise) the perturbed solution to the combined system of equations of motion is given by 

6 

ds^ = — fia) Ua Uy dx^ dx'^ -— Ua dx^ da + c? Pnu dx^ dx'^ 

W{a) 

1 1 

+-H3 R^^^ dx^" dx" + 2 — F{a) a^^ dx^" dx" , 

2 ail 



4 = -9_H~lu^, 4 = 4 = 0, ^j. = 0, i = 1,2,3 



= i7"3 , X'^ = = m . (3.42) 

The stationary limit of this solution can be related to the solution found in |371 [38] , to linear 
order in rotation parameters (see appendix |D|). The quantity F satisfies the differential 
equation 

ki (/WW/wlnrt) =-(3.H^e-(l + 2f;») , (3.43) 
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where U' = dU/dp, with e^^ = H. The right hand side of ()3.43p can be easily integrated by 
noting that the second term is a total derivative, 



e^^ (1 + 2 U'p) dp = dip e^^) . (3.44) 



Integrating (j3.43p once gives 



3 W{p) f{p) -F{p) = -l^p^ + - e'^p - C ) . (3.45) 



The integration constant C, is set to the value C, = 1+ (/ce^^^"'*)) /a| to allow for the vanishing 
of (I3.43P at the outer horizon /c = 1, since / = there. Then, integrating (I3.45P once results 
in 

J,, ^ r 3(^^ + ^(C-l)e-^^(°'')e^^-C) 

Jp W{u) n5 + u^C- 1) e-2f^K) e-4f^ - u {e-^U(a^) + - 1) e-^^M) ^-W ^ ' > 

For large p we have e^^ = « 1 + g/ (a^ p^), and hence we obtain 



F{p) ^ 1 
a/j a 40"^ ' 

where now r/ = a| = a| + A; e^^^"^) a/j. 

Computing the associated boundary energy-momentum tensor yields 



(3.47) 



2 



16^G5(r^.) = - ^<7m. j (3.48) 

2g 



In units where L = IGvrGs = 1, the ratio ry/s reads 



71 1 / i.p2'^(ah) 



We note that the correction to 77/5 = l/(47r) is determined by the coefficient of the uiJtt-term 
in the line element p.42p . 

4 Conclusions 

As mentioned in the introduction, the energy of a perfect fluid on a three-sphere dual to a 
static black hole is not a purely extensive quantity [HI [20]. It contains a subextensive piece 
Ec which is defined as the violation of the thermodynamic Euler relation. In the context of 
N = 2 gauged supergravity theories, the ratio of Ec and the extensive part E^ of the energy, 
when expressed in terms of black hole data, reads (in units where L = IGttGs = 1) ^26j 

^ = ^k^{'-\'\ (4.1) 

Ee Wh\s ' ^ ' 
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where s = S/vol{S^), and where Wh and denote the superpotentials evaluated at the 
horizon. The Schwarzschild and the Maxwell black hole both satisfy Wh = 3,W/i = 1. For 
these two black holes, the ratio rj/s in (j3.28p can be written as 



and thus it takes the form (jl.3p . 

The ratio displayed in (j4.2p takes a form that is written in manifest N = 2 language 
and that could, a priori, be applicable to any black hole in an = 2 model. However, 
inspection of the two-charge result (|3.4ip and of the one-charge result ()3.49p shows that they 
are not simply captured by (j4.2p . These two cases involve non-trivial scalar fields, and it is 
conceivable that additional terms involving these will have to be added to (j4.2p in order to 
obtain an expression that is valid for a general N = 2 model. 

Let us now discuss the diffusion coefficient D, defined as in (jl.ip . Let us first consider 
the Schwarzschild case, for which (j4.2p implies that the ratio D = rj/{p + p) = 3r//(4p) equals 

Z) = ^1/3/(42/3 ^1/3)^ 

as in the black brane case (jl.2p . Thus, when viewed as a function of s, 
D does not change its functional form. On the other hand, if D is viewed as a function of 
the temperature (the energy), then D will change its functional form due to the subextensive 
contribution E^oik to the total energy, i.e. D will not anylonger be simply given in terms of 
the inverse of the temperature. Either way, rj = D {p+p) will receive a correction proportional 
to EcOQk (see dH}). 

Next, let us consider the Maxwell case. Viewing D as a function of s, we find that D is 
not anylonger given 

by Z) = ^1/3/(42/3 ^l/3)_ This can be understood as follows. The total 
energy of the system is not simply Ee + \Ec, but rather E(, + \Ec + \ Qa (ph ' where 4>'^ denote 
the electrostatic potentials at the horizon J26j. The contribution QA(t>h is ^ subextensive 
contribution that is distinct from the subleading contribution Ec- The former is proportional 
to the square of the charge, while the latter is proportional to k. Using ()4.2p . we find that 
the diffusion coefficient D is proportional to the ratio {E^ + \ Ec) / {Eg + ^ Ec + ^ Qa 4>h)- 
first order in Ec, the correction proportional to k cancels out, while the term proportional 
to Qa <Ph changes the functional dependence of on s, an effect already observed in in 
the context of charged black branes. Thus, when D is viewed as a function of s, it does not 
receive a correction of order k. However, if D is viewed as a function of the temperature (the 
energy), then D will change its functional form (at first order in k) due to the subextensive 
contribution Ec to the total energy. Either way, r] = D {p + p) will receive a correction 
proportional to Ec oc k. 

And finally, in the case of charged black holes with scalar fields, we find that D, when 
viewed as a function of s, receives a correction of order k, since in these cases the term 
proportional to k in rj does not equal Ec, and hence it differs from the contribution Ec 
contained in the total energy. Thus, at first order in k, r] = D{s){p + p) is not any longer 
given by (1.2). 

In deriving the expressions for rj/s such as (|4.2p we restricted ourselves to corrections of 




(4.2) 
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order k. Higher corrections in k are in principle also possible. For simplicity, we took the 
velocity field of the fluid to be of the specific form p.7p . Our expressions for rj/s should, 
however, be independent of this particular choice of the velocity field. We also note that in all 
the cases considered here, the deviation from rj/s = l/(47r) is determined by the coefficient 
of a u Ru-teim in the associated line element. 

In principle, the hydrodynamic energy-momentum tensor may contain additional terms, 
constructed out of derivatives of the velocity field and/or the curvature tensor on the sphere, 
that also contribute to c^j/ at the same order as the curvature corrections computed in this 
paper. However, such terms cannot be present for the solutions constructed here, neither 
at the order considered in the paper (eJ^) nor at the next order in derivatives (e5^). Such 
terms would have to be constructed from the quantities listed in |33] on page 22, which 
contains a comprehensive study of the allowed hydrodynamic quantities classified by their 
tensorial structure. Since all the quantities appearing in this list either vanish on the solutions 
considered here or lead to terms that are of higher order in e, it follows that such terms are 
absent at order e. 
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A Very special geometry conventions 

The five-dimensional N = 2 gauged supergravity action is based on a set of real scalar fields 
that satisfy the constraint 

IcabcX^X^'x'' = 1. (A.l) 

The metric Qab is given by 

1 c 9 

Gab = --^CabcX +-XaXb, (A. 2) 

where 

Xa = IcabcX'' X^ . (A.3) 
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Observe that Xa = 1 m view of (lATT]) . In addit ion, 

Xa d,X^ = , (A.4) 

where X^ = X^((f^) and diX^((f) = dX^/dip"^. Here the (p^ denote the physical scalar fields 
with target-space metric 

A useful relation is 



Gij = Gab diX^ d,X^ . (A.5) 



gAB^^X'' = -^diXA. (A.6) 
The potential V^ot is expressed in terms of the superpotential 

W = hAX^ (A.7) 

and reads 

V^pot = 5' \G'^ diW djW - ^ = 0' {hA hB -2W^) , (A.8) 
where in the second step we used 

g'^ diX^ djX^ = g^^ -- x^ x^ . (A.9) 

3 

The STU model is based on X^X'^X^^ = 1, and its metric gAB is given by 

gAB = \sAB {x^y\ (A. 10) 

where here there is no summation over A. 



B Rotating Maxwell black hole in Eddington— Finkelstein type 
coordinates 

The general non-extremal rotating black hole solution in minimal five-dimensional gauged 
supergravity has been given in [M] in Boyer-Lindquist type coordinates. To linear order in 
angular velocities ewi and euj2 it reads (with = L = k = 1) 

ds^ = (^-(l + a2) + ^^dt2 + ^da2 + aW + a2(sin2 0#2^cos2^#2) 

2 2 

— J (eu)2T, + eu)iQ a^) cos^ 9 dip dt j ieoJiT, + eoj2Q a^) sin^ 9 dcpdt , 

a* a* 

A = ^^^{dt-eujism'^9dcb-euj2Cos'^9dtp) , (B.l) 



where 



o2 

Aa = a2(l + a2) + ^-M , ^ = M a'^ - Q'^ . (B.2) 



The line element in (jB.ip can be rewritten in terms of Eddington-Finkelstein type coordinates 
by applying the following transformations, 
2 

dt^dt- ^da , d(t)^d4>- ^ (l + a^) da , dip ^ dip - ^ (l + a^) da . (B.3) 
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Then, to first order in e, the line element becomes 
ds^ = -^dt^ + a^dnl + 2dtda 

+^ (wi - uJiM - 0J2Q a^) sin^ O dt d(f) 
+^ (0J2 - UJ2M - oJiQ a^) cos^ 6 dt dih 

+2 e sin^ ^^^^ - do # + 2 e cos^ ^^^^ - da dip , (B.4) 

while the gauge field is still given by (|B.ip . Rewriting the five-dimensional line element (jB.4p 
in terms of the four-dimensional quantities = {1, 0, ewi, euj2), = (0, 0, —euj2-, —^^i) 
and = diag{—l, 1, sin^0, cos^ 0) yields the line element (j3.18p with u^jy = and k = 
-1/(2^/3). 

C A two-charge rotating STU black hole in Eddington— Finkelst 
type coordinates 



A rotating version of the static two-charge STU black hole solution (|3.32p has been con- 
structed in [36]. To linear order in rotation parameters ecoi and euj2 it reads 



ds^ 



H 
X 

h 



4 



+ (sm 
r 



X 1e f f \ 

-^dt^ + ^ Ix - ^] (wi sin^ 9dtd4> + UJ2 cos^ 9 dt d^) 
+ cos^ #2)1 \^dr^ + dO 



X 



1 + 



/i s 



1 2 / 2 , ■Z\ 



2\2 



(C.l) 



where 



s = sinh 5 . 



c = cosh S . 



(C.2) 



(Here, s should not be confused with the entropy density in the main text.) The associated 
gauge potentials are 



A' 
A' 



A^ 



use 

7^ 



[dt — e ( wi 



sm 



+ u)2 cos^ 9 dip)^ , 



fJ-s , .2 
— 2- e [^2 sm I 



+ oji cos^ 9 dip) . 



(C.3) 



Setting g'^ = 1, fi = q, fj, s c = Q as well as changing the radial coordinate to a = r Hi and 
carrying out the transformations 



dt — )• dt — , da . 

XW{a) 

d(p —7- d(p + euji I dt 



(C.4) 



3H-3 



aV(a)VF(a 



da \ , dV ~^ '^V' + £ ^^2 



3H-3 



da 
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where /(a) is given in ([230]) with k set to k = 1 and with e^'^ = H, yields ([OT]) and (jOS]) 
in Eddington-Finkelstein type coordinates to first order in e, 

ds^ = —a^ f(a) dt^ H — da dt -— e (ooi sin^ 9 d4> + UJ2 cos^ dV) ^^o^ 

vy(a) vy (a) ' 

dnl + 2 e (a^ /(a) + - (wi sin^ 6 d<j) + 0J2 cos^ 6^ d^/;) , 



= = -^H-^u.dx'' , A^ = -^HlLdx^', (C.5) 

1 2 

where W{a) = 2H^s, + is the superpotential. Then, rewriting the five-dimensional 
line element (|C.5p and gauge potentials ()C.3p in terms of the four-dimensional quantities 
= {1, 0, ewi, ea;2), = (0, 0, — £^2, — ewi) and g^u = diag{—l, 1, sin^S, cos^ 0) yields 
(|3:M]1 with o-^j, = 0. 

D Three-charge rotating STU black hole with equal rotation 
parameters in Eddington— Finkelstein coordinates 

A rotating three-charge STU black hole with equal rotation parameters ^1 = ^2 = 0; has 
been constructed in [37J. To first oder in the rotation parameter eu> it reads 

ds'^ = dt^ + ^ dr^ + Rdnl-'^dt (sin^ 6 dc/) + cos^ 9 dip) , 

A^ = ^ (sj Cidt + euj (ci Sj Sk — Sj cj Ck) (sin^ 9 d(f) + cos^ 9 dif) ) , 
r tii 

X' = i = l, 2, 3, i^j^k^i, (D.l) 

T 11 i 



where 



Si = sinh(5i, Ci = cosh. 5i. (D.2) 

Changing the radial coordinate to a = r e^ = r {Hi H2 -f^s)^ and applying the transformation 

3 

dt-s-dt- 2 fr \ ' (^-^^ 

W{a) f{a) 

yields the line element (jP.ip in the form 

ds^ = -a" f{a) dt^ + (dt + ^^^^ (sin2 9 # + cos^ 9 d^,) \ da 

W{a) \ a^ f ^ ' ) 

W d^\-2eCj h{a) (sin^ 9 dcp + cos^ 9 dip) dt , (D.4) 
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where 



For later convenience we define cj = 7 a; and /i = 7 ^ /i such that ujh = uh. Then carrying 
out the transformations 

3 (a2/(a) + %)) \ / 3 (a2/(a) + %)) 

(D.6) 

yields (jP.ip in Eddington-Finkelstein type coordinates to first order in e, 

6 

ds^ = -a^/(a)dt2 + — -- (dt - eo; (sin^6'# + cos^6l(i^)) da 



W d^ll + 2euj [a^ f{a) + a^ - [a^ f{a) + h{a)j j (sin^ (9 # + cos^ 6* di/') dt , 

= —J-rr ( Sj Cj + e — (q s,- — Sj c,- c^) (sin^ 9 dd) + cos^ d'i/') I > 
a^ffi V 7 / 



1 

3 \ 3 



The line element in ()D.7p is related to the various line elements used in the main text, 
as follows. Let us first consider the stationary limit of the Maxwell solution (13.18P with 
LOi = UJ2 = oj. It is obtained from ()D.7p by setting 5i = 82 = = 5, W{a) = 3 and = /a^ 
with / given by /(a) = 1 + k/a^ - M/a^ + Q'^/a^. Then the function h becomes (with 

Si — 5, Q — c) 

h{a) = -7 a V 4 e-2^ (c^ - s') + ^ s\ (D.8) 
which can also be written as 

h{a) = 7 h{a) = {c-s) {-a^ + ^ e'^^^ (c^ + + c s) + ^ (c + s)^ . (D.9) 

Setting M = /i + 2/is^, Q = ^sc and e~^^ = (a^ - ^s^)/a^ gives 

;i(a) = -aV(a) + l + -^. (D.IO) 

The terms in this expression are related as follows to the ones in (j3.18p : the second term is 
the coefficient of the u R u-term, while the third term is the coefficient of the u /-term. 

Next, let us consider the stationary limit of the two-charge solution (|3.34p . It is obtained 
from ()D.7p by setting 5i = (52 = (^3 = 0, 7 = 1 and H = . Then the function h becomes 

h{a) = h{a) = -a^ f{a) + e-^ , (D.U) 

with / given by ()2.10p . In this expression, the second term is the coefficient of the iii?ii-term 
in (imp . 
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And finally, the stationary limit of the one-charge solution (j3.42p is obtained from ()D.7p 
by setting 6i = S and 62 = 63 = 0. Now the function h reads (with ci = c) 

/i(a) = -70^ + 4 e-^^c. (D.12) 

This can be written as 

h{a) = 7 h{a) = - f-a^ + 4 6"^^ c^) . (D.13) 

Setting 7 = c^"*^, and with = e®^, we obtain 

/i(a) = -a^ /(a) + , (D.14) 

with / given by (j2.10p . In this expression, the second term is the coefficient of the iii2ii-term 
in ([332]). 



E Boundary energy- momentum tensor for the STU black hole 
solution ( 13:341 ) 

Here we compute the boundary energy-momentum for the STU black hole carrying two equal 
charges. A similar calculation applies to the other cases discussed in the main text, namely 
no charge (the Schwarzschild case), one non- vanishing charge and three equal charges (the 
Maxwell case). 

The boundary energy-momentum tensor is given by [3^ EU [32] 



ttGs ^T^,y) = lim 



W{a) 



L 



(E.l) 



where the boundary metric is read off from the bulk metric written in the form 

= Tv^da^ + 7^^ {dx^' + n^da) {dx" + n^da) , (E.2) 

G^,y = R^jy[j] — ^1/11/ R[y] is the four-dimensional Einstein tensor of 7^j^, and the extrinsic 
curvature tensor is given by [29] 



(E.3) 



with K = 7^^^ K^iy. Here = 7^1, n'^, and W{a) is the superpotential. 

Imposing the tracelessness ofT^i, results inK = —AW (a) / {3 L)— L R[^]/6, and reinserting 
this into (jE.ip yields 



lim 

a— >oo 



Wja 
3L 



(E.4) 



In the following we set L = 1. 
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Comparing ()E.2p with the line element p.34p for the deformed STU black hole, and using 
(|3.39p . we infer that for large a, 

liiu = o?g^^ - (^e"''^ k - e"^^ ^ Uf,u^ + ^ (^Uf, R„x + Uu R^,x u^^ (E.5) 
V \ 



Here W{a) 3 + g^/(3a^) and the exponential functions e~^^ in 7^1/ behave as e~^^ ~ 
1 — X 9/(3 a^) so that 

= o^Smv ~ (^^ ~ ^/^ + ^ ~ (""m ^i-A li'^ + It;/ RiJ.\ (E.6) 

where M = ji + ^k q \s the physical mass. At first order in e and at large a, the inverse 
metric 7^^^ is then given by 

where the indices on the right hand side are raised with the metric g^'^ . 

Computing the terms in ()E.4p for large a and to first order in e, we obtain 

W{a) = 3+ ^ 



N ^ = a + — , , , 

2a 8a3 2a? Oa^ ' 

1 „ W{a) 1 



3a4 ' 

k k"^ W5M 



-^da-y^u^ -^Itiv = i^{^g^iv + w^M{g^u + ^u^Uu)-2ria^u 



k , ^ f k\ 

"2 y9^iu + 2u^u^)+ ( " ~ ^ ) '^M!^ 

+ Q - (^^At ^;.A -"^ + u,y R^x 

rl/jH = rl^ + lg^\^a(rxp + Vp<T^x-Vxc7^p) , 

Rf^ub] = R^,u + — (y^,u, (E.8) 



i?[7] 



R_ 



1 A; / 1, \\ 2A; 

R^lu[l\ - -^l^lvR[l] = Rfiu - kg^y ^ ~ 20^ V^'" ^""^ u +Uy R^x u j + —(^fiu 

Inserting these expressions into (|E.4p yields the energy- momentum tensor (j3.40p . 
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